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Abstracta 

§ 1 Introduction 

In this paper we present a mathematical contribution to the resolution 
of certain metaphysical questions relating to the traditional notions of 
universals and abstraction. The main purpose of the paper is to intro
duce a theory of certain mathematical structures, called mantlolds. We 
prove that one type of manifold has properties which have been histori
cally ascribed to the (extensions of) least general universals. Within the 
Aristotelian and Thomistic hylemorphic ontology (a prototypical form 
of realist metaphysics) these universals were claimed to be hypostatisa
tions of those forms which are the direct results of abstraction from sen
sible particulars, and were called automon eide or infima species. Auto
mon eide were conceived within this tradition as those universals (sec
ondary substances, or eide) which comprise least specific differences, 
and below which (in the hierarchy of generalisation) only individual 
(Aristotle's primary. or Aquinas' composite) substances (but not less 
general eide) fall. Considered ontologically as objects (rather than epis
temologicaHy as concepts), they may be referred to provisionally as uni
versal individual') of higher order. Universal individuals of higher order 
are the individuals of the realm of eide. 

This paper is the only contribution to the present volume conceived 
within the framework of the transcendental phenomenology inaugurat
ed by Husser! in the Ideas of 1913, rather than within the realist frame
work of the earlier Husser!, Ingarden, et al. Within the transcendental 
tradition (which is heavily influenced by Kant's 'Copernican revolu
tion' in metaphysics), metaphysics is identified with epistemology rath
erthan with ontology. But in spite of the major differences in overall di
rections and concerns between the two traditions of Husserlian pheno-

439 



menology, certain issues (including most of those confronted here) are 
common to both. From an epistemological point of view, we conceive 
manifolds (as defined below) as extensions of linguistically formulated 
concepts. We conceive concepts as intensions of unions of isomorphism 
types, and define a linguistically formulated concept (which we refer to 
as a 'predicative concept') as an intension of a manifold. By distinguish
ing different types of manifolds and relations between manifolds, we 
will therefore make possible analogous distinctions concerning predica
tive concepts. We shall define a linguistically formulated or predicative 
concept as distinct if and only if (iff) it is an intension of the type of mani
fold to be identified below as the extension of a universal individual of 
higher order (automon eidos); any concept which is an intension of any 
other type of manifold we refer to as indistinct (or, synonymously, 
vague). 

We introduce the generic term 'conceptualisation' to denote pro
cesses of attention whereby universal objects of higher order are consti
tuted as themes, and we will formulate definitions of several types of 
conceptualisation discussed by Husserl and others. Definitions will be 
formulated in terms of types of manifolds and relations between mani
folds. Because of the epistemological orientation of the paper, it is con
cerned with the metamathematical analysis of manifolds largely as a 
means to achieving such formulations concerning the constitution of 
perceivable objects and universals as themes of attention. 

The particular context within which the paper is conceived is pro
vided by the perspective and set of problems sketched by Aron Gur
witsch toward the end of his career. Gurwitsch was originally a student 
of Carl Stumpf interested in Gestalt theory and the psychology of per
ception. At Stumpfs suggestion he became a student of HusserI's earlier 
works during the 1920's. Throughout his life Gurwitsch worked as a 
transcendental phenomenologist who expressed a preference for the 
first (Le. 'realist') edition of HusserI's Logical Investigations, largely be
cause the second edition was revised to reflect Husserl's 1913 introduc
tion of the concept of transcendental ego and his use of it in defining at
tention of various types (see Gurwitsch, 1966, chs. 10, 11). In spite of his 
rejection of Husserl's ego logical formulations, Gurwitsch remained 
convinced that the programme of transcendental phenomenology 
sketched in the Ideasof 1913 (but to be developed in terms of a non-ego
logical account of attention) embodied the most promising formulation 
of Western metaphysics to date. He also -remained convinced that the 
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realisation of that programme demanded theoretical analysis and devel
opment of a concept introduced by Husserl in 1938, the concept of the 
lifeworld (Lebenswelt). The following quotes are selected to sketch Our
witsch's position, and to introduce certain key notions of his non-ego
logical transcendental phenomenology in their native setting: 

In recent decades the theory of science has not received sufficient attention in 
phenomenological literature. Thus the impression could arise that phenomenol
ogy did not have much to say in that field of research, had withdrawn from it al
together to leave it to those contemporary philosophical trends, such as logical 
positivism, which call themselves 'scientific'. Since the necessary preparatory 
work was done in Hussed's later writings, the time seems to have come for phen
omenology to reclaim posession of the field from which it had its departure in 
Hussed's earliest writings (1974, p. 31-2). 

The phenomenological theory of the sciences which Ourwitsch envi
sioned would be built around two fundamental themes. The first of 
these is the life-world: 

The first presupposition of the sciences proves to be the life-world itself, our para
mount and even sole reality. Whatever unity obtains among the sciences derives 
from their common rootedness in the life-world. from which all of them originate 
and to which most of them explicitly relate as their theme (ibid., p. 139). 

The second fundamental theme is consciousness or, more specifically, 
the processes of attention involved in the perceiving and theorising 
which, according to the phenomenological account, hypostatises the en
tities studied within the cultural, formal, and especially natural 
sCIences: 

... the life-world proves to underlie and to be presupposed by the elaboration 
of 'objective ' nature. Still, we have not yet reached the ultimate, but only the pen
ultimate, presupposition and foundation. The life-world, in its turn, refers to 
and. in that sense. presupposes mental life, acts of consciousness, especially per
ceptual consciousness through which it is experienced and presents itself as that 
which it is. that is, as that which we accept. It is not until we arrive at conscious
ness as the universal medium of access (in the sense of Descertes' Second Medi
tation) to whatever exists and is valid, including the lifewodd, that our search for 
foundations reaches its final destination. As far as the processes of conceptuali
sation, idealisation, and formalisation are concerned, they now appear in their 
proper place as acts of consciousness of a higher order insofar as they presup
pose the more elementary and more fundamental acts through which the life
world is given or, in Hussert's parlance, they are built on prepredicative experi-
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ence. This is another expression of our previous conclusion that the universe of 
physics - objective nature as conceived by physicists - is a product of mental life 
constructed on the basis of the prepredicative experience of the life-world 
( ibid., p. 58). 

It is the failure to recognise the hypostatised status of the results of con
ceptualisation which Husserl criticised as responsible for the failure of 
Western metaphysics which he characterised in 1938 as the crisis of Eu
ropean sCIence : 

Failure to refer the accomplished products and results to the mental operations 
from which they derive and whose correlates they are makes one the captive of 
those products and results, that is, the captive of one's own creations, and that is 
a further aspect of traditionality. Thus, as Hussed expressed it, a cloak or tissue 
of ideas (JdeenkJeid), of mathematical ideas and symbols, is cast on the life
world to conceal it to the point of being substituted for it. What in truth is a meth
od and the result of that method come to be taken for reality. Thus we arrive at 
the conception of nature ... as possessing a mathematical structure or being a 
mathematical manifold ( ibid., p. 45). 

In view of such claims on the part of (non-egological) transcendental 
phenomenology of science, it is not surprising that the problem of con
ceptualisation emerges as a central issue: 

. . . the first task of a phenomenological theory of the sciences is to develop a 
phenomenological theory of conceptualisation, that is, a phenomenological ac
count of the transition from type to concept and eidos. 
Conceptualisation is possible along two different lines of direction which Hus
serl has distinguished from one another under the headings 'generalisation' and 
'formalisation'. In the present context, we must confine ourselves to pointing 
out that the theory of conceptUalisation, generalisation, formalisation, and al
gebraisation is one of the most urgent tasks with which phenomenological re
search finds itself confronted at the present stage of its development ... the 
problem is far from being exhausted. Not only is there ample room for further 
investigation, but some of Husserl's results - we submit - require revisions and 
modifications (ibid., p. 143). 

The late Husserlian notion of the life-world is an intuitive (and effective
ly anthropological or sociological) notion. It was held by Gurwitsch to 
be fundamental to metaphysics in general and to the phenomenology of 
conceptualisation in particular. While the term remains at present ill-de
fined (see Carr, 1974, Ch. 8), it may be understood as denoting the world 
~ and also, ambiguously, culturally relative worlds) of common s~nse ex-
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perience i.e. the milieu(s) studied in one form or another by the various 
sciences of culture. Within the Husserlian tradition the work of Alfred 
Schutz was devoted exclusively to the task of defining (i.e. removing the 
vagueness of) this concept by formulating invariantly shared properties 
of each possible world of common sense experience. While no further 
mention of the lifeworld and related issues will be made in this paper, we 
wish to mention here that we do not conceive of the life-world as the 
class of actual wholes which are perceived (as defined in § 5 below). The 
definitions which we shall offer in terms of manifold theory will explicit
ly cover certain types of conceptualisation (e.g. formalisation and gen
eralisation) and certain structures involved in perception (e.g. wholes as 
perceived, possible and actual wholes which are perceived), and they will 
implicitly cover the notion of lifeworld. We omit discussion of themes 
like the influence of historicity upon the material content of the life
world, and of spatial, temporal, and causal relations within the life
world. However, we consider such questions both important and ap
proachable (elsewhere) in terms of the late HusserIian notion of l(fe
world and the results reported here. 

The theory of manifolds is of particular interest in the context of the 
ontology of wholes and parts as developed by Husserl, and by Mulligan, 
Smith, and Peter Simons elsewhere in this volume. In this paper an at
tempt is made to formulate a connection between manifold theory and 
whole-part notions by interpreting the language of wholes and parts in 
manifold theory. One such interpretation is specified (§ 5), and the theo
rems of manifold theory are translated into claims concerning whole
part relations. The purpose of this translation is to present a set of claims 
in orderthattheirtruth may be evaluated. These claims appear conform
able to intuitions expressed in Thomistic ontology and realist pheno
menology concerning wholes and parts. Moreover, one claim in particu
lar (theorem 20) expresses a fundamental Aristotelian, Thomistic, and 
Scholastic tenet. The evaluation of the validity of the remaining theo
rems is left to those engaged in eidetic phenomenology of whole-part re
lations, and it is hoped that this interpretation may be suggestive for 
such work. 

We conclude this introduction with a brief statement of the prelimi
nary assumptions, notation and terminology we adopt in our underlying 
set theory, logic, and metamathematics. Further metamathematical no
tions, including the concepts of second-order equivalence and isomor
phism are defined in § 2. §§ 3-4 contain our theory of manifolds, in-
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spired by Husserl (1891). § 5 develops an interpretation of whole-part 
notions in manifold theory so that the various theorems state properties 
and relations of wholes and parts of various kinds. In § 6 we consider 
some limitations and implications of the results presented in §§ 3-4 for 
the problem of conceptualisation. 

The underlying set theory of the metalanguage used in this discussion 
is a class-set theory such as those of von Neumann, Bemays, Godel, and 
A. P. Morse. We adopt set-theoretic axioms and basic definitions as in 
Monk (1969). The primitive (undefined) terms are 'class' and 'member' 
or 'element'. All other concepts of our class-set theory can be defmed in 
terms of these primitives. E.g.: A class is a set iff it is a member of some 
other class; otherwise it is a proper class. Braces will be used to denote fi
nite sets whose elements are listed within the braces, and' 0 ' will denote 
the empty set. Also, the binary operations of intersection ( n ) and union 
( U ) of classes can be defined as usual. FinaUy, A is a subclass of B (A 
c B) iff each member of A is a member of B, and A is a proper subclass 
of B (A C B) iff A C Band not B C A. Manifold theory as we envision 
it in our ontological and epistemological interpretations cannot be cap
tured within class-set theory (see § 5 infra). However, in this paper we 
will limit our discussion to those aspects of manifold theory which can 
be expressed in class-set theory, and which may be thought of as com
prising the theory of manifolds in extension. 

An n-ary relation-in-extension (or simply-n-ary relation) is a class of 
ordered n-tuples. An equivalence relation is a binary relation R satisfy
ing the following conditions, for all elements x, y, and zto which the re
lation applies: 

(1) reflexivity: <x,x> E R 
(2) symmetry: if <x,y> E R, then <y,x> E R 
(3) transitivity: if <x,y> E Rand <y,z> E R,then <x,z> E R 

For example, the relation g such that < x,y> E g iff x and yare sets 
with the same number of members is an equivalence relation. An equiv
alence relation can be thought of as a relation of similarity between ob
jects. Equivalence relations can thus be used to classify things by means 
of classes of similars. For any equivalence relation R and any element X, 

the R-equivalence class of x (also called the equivalence class of x under 
R) is the class of all y such that < x,y> E R. I.e., the R-equivalence 
class of x is the class of all things similar to x according to R. 
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The object languages used in this paper are those of monadic second
order logics, possessing all features of classical, first-order logic with 
equality (defined as a logical constant of the languages), but including 
also quantification over monadic predicate variables. We define an ax
iom set l: as a consistent set of sentences formulated in one of these mon
adic second-order languages. More than one object language is used be
cause the notion of the completeness of an axiom set l: is defined in 
terms of the set of predicate constant symbols used in the sentences of l:. 
The symbols which distinguish one object language from another are its 
predicate constants; the different object languages are thus identical, 
except that they differ from each other in the number and type (monad
ic, dyadic, etc.) of their predicate constants. 

A model is a (k+ I)-tuple for some ordinal k, consisting of a non
empty set called the universe of the model, followed by k distinct rela
tions on that universe. In this paper we shall further assume for each 
model that its universe has at least 2 elements and that for each positive 
integer n, the intersection of any finite number of its n-ary relations is 
non-empty. We assume a semantics based on Tarski (1956) for the ob
ject languages, and the notion of a sentence of an object language being 
true in a model iff it is satisfied by an assignment to that model (see En
derton, 1972, pp. 81-82). M is a model of an axiom set l: iff each sen
tence of l: is true in M. E.g., let M3 = < { 1 ,2,3}, R> where R is the usual 
< ordering on this 3-element set. Where the dyadic predicate constant 
'P'denotes R, and the symbol ' ~ , denotes equality defined as a logical 
constant of the object languages, M3 is a model of the axiom set l:2 con
sisting of the following two sentences: 

1. \fu3vI(u ~ v) 
2. 3u\fv Pvu 

On the other hand, let Nbe the set of all positive integers and K be the 
usual < ordering on N. Then < N, If > is not a model of l:2 because 
sentence 2., asserting that there exists a greatest element, is not true in 
< N, If>. A model M is compatible with the language 2 iff for each 
positive integer n, Mhas exactly as many n-ary relations as 2 has n-adic 
predicate constants. We offer only the following comments concerning 
the syntactics of the object languages: 

A deduction system for any object language 2 is a system of axioms 
and/ or inference (transformation) rules which define derivations. We 
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define a theorem of an axiom set l: formulated within 2 as any sentence 
of2 which results from a derivation from l:. Two properties defined on 
deduction systems are: 

1. Correctness: Any deduction system is correct iff for all object lan
guage sentences <p, if <p is a theorem of l: then <p is true in each model 
ofl:. 

2. Completeness: Any deduction system is complete iff for all object lan
guage sentences <p, if <p is true in each model ofl:, then <p is a theorem 
ofl:. 

We assume any correct deduction system for monadic second-order log
ic with identity that extends a correct and complete deduction system for 
first-order logic with identity for our object languages. Further, for any 
axiom set l: consisting of sentences formulated in 2, l: is complete iff for 
each sentence <p of 2, either <p or -, <p is a theorem of l:. 

These assumptions are common conventions in contemporary logic. 
While space will not permit their further elaboration here, they may be 
found more fully described in many currently available textbooks (e.g. 
Enderton, 1972). 

§ 2 Isomorphism Types 

This section consists mainly of a brief list of definitions of the basic 
metamathematical concepts needed for the present work. The section 
concludes with three theorems establishing that isomorphism is an 
equivalence relation, and that isomorphism types and second-order 
equivalence types are proper classes. These facts (along with theorem 4) 
are included here in order to establish the relationship of the universe of 
discourse of manifold theory to that of class-set theory; they are neither 
proven nor used in this work. 

Two models M and M' which are compatible with the same lan
guages are said to be isomorphic iff there is a one-to-one function f 
whose domain is the universe of M, whose range is the universe of M', 
and which preserves the relations of Min the following sense: the func
tionf preserves the relations of M (maps Misomorphically to M) iff for 
each n-tuple < at, .. . ,ilo> of elements of M and for each n-ary relation 
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R of M, < at, ... tZn> E Riff <f( at}, .. . J( tZn} > E R:, where R: is 
the relation in M' corresponding to R. Roughly speaking, M and M' are 
isomorphic just in case there is a I-I correspondence between their uni
verses and between their relations such that corresponding elements are 
in the corresponding relations. 

The relation( -in-extension} of isomorphism is the class of all ordered 
pairs of isomorphic models. I.e. < M, M> E isomorphism iff M and 
M are isomorphic. An axiom set is categorical iff any two models of it 
are isomorphic. 

Theorem 1: Isomorphism is an equivalence relation. 

Mathematicians refer to equivalence classes under the isomorphism re
lation as 'isomorphism types'. An isomorphism type is the class of all 
models isomorphic to a particular model. Isomorphism types are phi
losophically interesting for a number of reasons. Every manifold is a un
ion of isomorphism types (theorem 13, infra), and ordinals can be de
fined as isomorphism types of a certain sort ( viz. well-ordering types; 
see Wilder, 1952, ch. 5). Since Husserl and Gurwitsch identified formal
isation as the type of conceptualisation which is involved in the hyposta
tisation of the finite and first transfinite ordinals, we have elected to de
fine this type of conceptualisation in terms of isomorphism types. In 
view of the use we intend to make of isomorphism types, their class
theoretic status is worth stating as a theorem: 

Theorem 2: Each isomorphism type is a proper class. 

Theorem 2 can be proven using the set-theoretic axioms of substitution 
(also called 'replacement') and regularity (Monk, 1969, p. 180). 

Two models M and M' are monadic second-order equivalent (in sym
bols M == m2 M') iff exactly the same sentences are true in each of them; 
i.e. M == m2 M iff each sentence true in either one of these two models is 
also true in the other. M and M are elementarily equivalent (in symbols 
M == M ~ iff exactly the same elementary sentences (sentences contain
ing no predicate variables) are true in each of these models. The == m2-

type of a model M is the class of models which are monadic second-or
der equivalent to M, and the == -type of a model Mis the class of models 
which are elementarily equivalent to M. 
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Theorem 3: Each monadic second-order equivalence type ( = m2-
type) is a proper class. 

Theorem 3 can be proven from theorem 2 by observing that each = m2-
type contains an isomorphism type as a subclass. We include the state
ments of theorems 2 and 3 in order to make it clear that any theory of 
isomorphism types, = m2-types, and manifolds must make statements 
attributing properties to and imposing relations on proper classes. We 
now develop some fundamental notions of one such theory. 

§ 3 Manifolds 

This section deals primarily with one (extensional) version of the theory 
of manifolds, a theory similar to (and inspired by) the theory of mani
folds developed by Edmund Husserl in Philosophie der Arithmetik and 
subsequent works. The following quotes, taken from the (amended) 
English translation of Formale und transzendentale Logik. sketch the 
notions of manifold and definite man~fold developed first in Philosophie 
der Arithmetik. 

The first passage introduces Husserl's notion, and shows clearly that 
he had a metamathematical context in mind when speaking of mani
folds; the relationship between what he called 'formal apophantics' (the 
study of 'judgment-forms, ... proof forms, ... judgment-systems in 
their entirety') and {'auf der gegenstiindlichen Selle 'J 'formal ontology' 
(the study of 'any objects whatever, any set and any set-relationship 
whatever; any combinations, orders, magnitudes, or the like, ... of ob
jectual totalities (manifolds),) is analogous (to say the least) to the me
tamathematical relationship between logic and axiomatics on the one 
hand, and model theory on the other. 

... a beginning was found here for a theory of deductive systems or, in other 
words, a logical discipline relating to the deductive sciences as such and consid
ered as theoretical wholes. As the earlier level of logic had taken for its theme the 
pure forms of all meaning formulations that, as a matter of a priori possibility, 
can occur within a science: judgment-forms (and the forms of their elements), 
argument-forms, proof-forms - correlatively (on the objectual side): any objects 
whatever, any set and any set-relationship whatever: any combinations, orders, 
magnitudes, or the like, with the pertinent formal essential relationships and 
connections. So now judgment-systems in their entirety become the theme - sys-
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terns each of which makes up the unity of a possible deductive theory, a (possi
ble) 'theory in the strict sense'. As the concept of an objectual totality (a concept 
always understood in formal generality), there appears here that which mathe
matics, without any explicative determination of its sense, has in mind under the 
name 'Mannigfaltigkeit (manifold),. It is the form-concept of the object-realm 
of a deductive science, this being thOUght of as a systematic or total unity of the
ory (§ 28). 

Husserl's references to the originator of differential geometry as the 
source of the concept of manifold leave no doubt concerning the meta
mathematical nature of the notion: 

The great advance of modem mathematics, particularly as developed by Rie
mann and his successors, consists not merely in its having made clear to itself the 
possibility of going back in this manner to the form of a deductive system ... but 
rather in its having also gone on to view such system-forms themselves as mathe
maticalobjects ... (§ 30). 

Where Husserl appears to have been working with an inadequate dis:
tinction between the manifold and a model of an axiom set, our defini
tions will respect this distinction, and may therefore be viewed as a slight 
but perhaps useful variation on Husserl's work. We are nevertheless 
able to establish enough of the properties attributed by Husserl to mani
folds that we believe the definitions proposed here clarify his own ideas. 
To see this relationship between our results and those of Hussed, it is 
useful to consider some of his comments regarding the type of manifold 
which he characterised as definite: 

The tendency towards a preeminent version of the mathematical concept of the 
manifold (and therefore toward one particular aim in the theory of manifolds) 
was determined by the Euclidean ideal. I attempted to give that version concrete 
formulation in the concept of the definite manifold. 
The hidden origin of this concept, which, it seems to me, has continually guided 
mathematics from within, is as follows. If we imagine the Euclidean ideal as rea
lised, then the whole infinite system of space-geometry would be derivable from 
an irreducible finite system of axioms by purely syllogistic deduction (that is to 
say, according to the principles of the lower level of logic); and thus the a priori 
essence of space would be capable of becoming completely disclosed in a theory. 
The transition to form thus yields the form-idea of any manifold whatever that, 
conceived as subject to an axiom-system with the form derived from the Euc
lidean axiom-system by formalisation, could be completely explained nomologi
cally, and indeed in a deductive theory that would be (as I used to express it in 
my Gottingen lectures) 'equifonn' with geometry. If a manifold of indetermi
nate generality is conceived from the start as defined by such a system of forms 
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of axioms - if it is conceived as determined exclusively thereby - then the wholly 
determinate system of the forms belonging to the theorems and component the
ories, and ultimately the whole science-form necessarily valid for such a mani
fold, can be derived by pure deduction. Naturally all the concretely exhibited 
material manifolds subject to axiom-systems that, on being formalised, turn out 
to be equiform, have the same deductive science-form in common; they are 
equiform precisely in relation to this deductive science-form (§ 31). 

It may be noted that the tenn 'equifonn' used by Husserl is the Latin 
translation of the Greek 'isomorphic', and that the notions of isomor
phism and fonnalisation play fundamental roles in Husserl's concep
tion of the definite manifold. However, in view of the references made 
by Husserl to Hilbert in these contexts, and of Husserl's suggestions 
concerning the equivalence of the property of completeness of an axiom 
set and the definiteness of its manifold, we have elected to use a more 
general notion than isomorphism in defining the property of Husserl
definiteness: 

In proceeding from such considerations of the peculiar nature of a nomological 
object-realm to formalisation, there was yielded that which is pre-eminently dis
tinctive of a manifold-form in the pregnant sense, i. e. in the sense of a form that 
is nomologically explicative. Such a manifold-form is defined not by just any 
formal axiom-system but by a 'complete' one. Reduced to the precise form of the 
concept of the definite manifold, this implies: 
That the axiom-system formally defining such a manifold is distinguished by 
this, that every proposition (proposition-form, of course) that can be construct
ed~ in accordance with the grammar of pure logic, out of the concepts (concept
forms) occurring in that system, is either 'true', i.e. is an analytic (purely deduc
tive) consequence of the axioms, or 'false', i.e. is an analytic contradiction: ter
tium non datur ... 
Throughout the present exposition I have used the expression 'complete system 
of axioms' , which was not mine originally but derives from Hilbert ... The ana
lyses given above should make it clear that the inmost motives that guided him 
mathematically were, even though inexplicitly, tending essentially in the same 
direction as those that determined the concept of the definite manifold (§ 31). 

In the development of the definitions of the present section, we have 
chosen to take as fundamental Husserl's claim concerning the definite
ness of the manifold of any comple~e axiom set, and will therefore de
fine definite manifolds as = m2-types, rather than as isomorphism types. 
However, it will be found that some Husserl-definite manifolds (includ
ing the type which are most philosophically significant; see theorem 22, 
infra) are isomorphism types. 
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In this section we develop definitions of manifold, Husserl-dejinite 
manifold, and formal manifold, as well as theorems stating several pro
perties of these manifolds. Theorem 4 states that each manifold is a 
proper class. Theorems 5 through 10 deal with the fundamental proper
ties which Husserl suggested hold for definite manifolds, most notably 
that a manifold of an axiom set is definite iff the axiom set is complete. 
The "if" direction of this property is established in theorem 6. Theorem 
8, however, provides a counter-example showing that the "only if" di
rection does not hold. Theorem 9 is a weaker version of the "only if" 
condition which does hold, and theorem 10 establishes the full strength 
of Husserl's property for first-order logic. 

The manifold of an axiom set I (denoted by 'IDlI') is the class of all 
models of I which are compatible with the language whose only predi
cate constants are equality and those appearing in at least one sentence 
of I. 

Theorem 4: Each manifold isa proper class. 

Theorem 4 can be proved from theorem 2 by observing that each = m2-
type contains an isomorphism type as a subclass. 

For any manifold !t1,IDl is Husser/-definite iff IDl is an = m2-type. In 
the following theorems we prove several of the fundamental properties 
claimed by Husserl (t 891) for Husserl definite manifolds. 

Theorems 5: Each manifold which is an isomorphism type is Hus
serl-definite. 

Proof: Let IDlI be any manifold which is an isomorphism 
type. We shall show that IDlI is an == m2-type by show
ing that (1) for each model Min !tII, and each model 
M,if M ==m2 M,then MEIDlI; and (2) if ME!tIIand 
M E IDlI, then M = m2 M. The hypotheses of (I) imply 
that every sentence of I is true in M and that M has the 
same true sentences as M. Thus M' is a model of I and 
the conclusion of (I) follows. The hypotheses of (2) 
along with the assumption that IDlI is an isomorphism 
type imply that M and M are isomorphic. Thus M == m2 
M. Consequently inI is an = m2type, and hence a Hus
serl-definite manifold. 
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We define any manifold which is an isomorphism type 
as a formal manifold. Thus, some Husserl-definite 
manifolds are formal manifolds, and every formal 
manifold is HusserI-definite by theorem 5. 

lbeorem 6: For each complete axiom set I, the manifold iJtI is Hus
serI-definite. 

Proof: Let I be any complete axiom set. Again, we show that 
iJtI is an == m2-type by proving that (1) for each model M 
E iJtI, if M ==m2 Mthen M E iJtI; and (2) if M E 
iJtI and M E iJtI, then M == m2M. As in the preceding 
proof, (1) is clear since its hypotheses imply that every 
sentence of I is true in M and that M has the same true 
sentences as M. To prove (2), observe that the hypo
theses imply that each sentence in I is true in M as well 
as in M. Since I is complete, for each sentence <p of the 
language of I, either <p or .., <p is a theorem of I. Thus by 
the correctness property, either <p or .., <p is true in every 
model of I. Hence M and M have the same true sen
tences, and thus M == m2 M. 

Lemma 7: For any axiom set I, if I is categorical, then iJtI is a Hus
serI-definite, formal manifold. 

Proof: Let I be any categorical axiom set. Since I is categorical, 
iJlI is a manifold and an isomorphism type. The result 
now follows by theorem 5. 

HusserI claimed the converse of theorem 6 (see preced
ing quote), and seemed to suggest theorem 6 as properties 
of definite manifolds. But using Gadel's incompleteness 
theorem of 1931, we show that the converse of theorem 6 
does not hold: 

lbeorem 8: There exists a (categorical) set I of monadic second-or
der sentences such that the manifold iJtI is HusserI
definite, but I is not complete. 

Proof: 
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Let II be the set of the following seven axioms for the 
non-negative integers with '<' and'S ' respectively de-



noting the less than relation and the successor operation. 

Axiom 1: 'V u 'V v {""1 (u ~ v) - [( u < v) V 
(v < u)]} 

Axiom 2: 'V u'V v[(u < v) - ""1 (u ~ v)] 
Axiom 3: 'V u'V v'V w{[(u < v) /\ (v < w)]

(u < w)} 
Axiom 4: 'V V{3uVu- 3v( Vv /\ 'V wi Vw

[( v < w) V (v ~ w)]})} 
Axiom 5: ""1 3 u 'Vv[(v < u) V (v ~ u)] 

Axiom 6: 'V u(3 v( v < u) - 3 UI {(UI < u) /\ 
""1 3U2 [(UI < U2) /\ (U2 < u)]}) 

Axiom 7: 'V u'V v ( (Su ~ v) ++ {(u < v) /\ ""1 3 w 
[(u < w) /\ (w < v)]}) 

Let L2 be a set of axioms for addition and multiplication 
of natural numbers, such as axioms M I, M2, E 1 , and E2 
in Enderton (1972, p. 194). And let L = LI U L2. L is 
categorical, and hence IDlL is Husserl-definite. But L is 
not complete, by Godel's incompleteness theorem 
(1931). In effect, since IDlL is Husserl-definite, there is a 
complete set L' of sentences such that rolL = IDlL'. (E.g. 
let L' be the set of all sentences true in some particular 
model ofL). Moreover, L C L', but their equality would 
be equivalent to a completeness theorem, which does 
not hold in monadic second-order logic. 

Nevertheless, we are able to provide the following weak
er relationship between the definiteness of a manifold 
and the completeness of some axiom set for it: 

Theorem 9: For all manifolds IDl, if IDl is Husserl-definite, then 
there is some perhaps infinite axiom set L such that IDl is 
the manifold ofL and L is complete. 

Proof: Assume 'Jl is a Husserl-definite manifold. For any 
model ME IDl, let L be the set of all sentences which are 
true in M. Then for each sentence <p of the language 
compatible with M, either <p E Lor ""1 <p E L. Thus L is 
complete. To show that IDl = IDlL, observe that IDlis the 
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set of all models which are monadic second-order equiv
alent to M, and hence IJl is the set of all models which 
have the same true sentences as M. 

It should be pointed out that Husserl's comments indicate that he never 
considered the notion of an infinite axiom set, and would probably have 
found it philosophically unsatisfying. This development of manifold 
theory is based on monadic second-order object languages. Such lan
guages are used here for two reasons: (1) Husserl seemed to be conceiv
ing of 2nd-order entities in his concern with some objects of higher or
der, and (2) we intend to apply these results to a (noetic) foundation of 
mathematics which will be based on second-order axioms of well -order
ings (see now Null and Simons, 1981). The proof of theorem 8 depends 
on the use of a second-ordersentence (axiom 4). Moreover, if we restrict 
to first-order languages, it can be proven that an axiom set is complete iff 
its manifold is definite. 

A first-order Husser/-definite manifold is a manifold which is an 
equivalence type under the relation of elementary equivalence ( E ). Al
so, a first-order axiom set is an axiom set containin~ no sentence in 
which a predicate variable occurs, and a first-order complete axiom set 
is a first-order axiom set I such that for each first-order (elementary) 
sentence q> of the language of 1:, either q> or ..., q> is a theorem of I. 

Theorem 10: For each first-order axiom set I, IJlI is a first-order, 
Husserl-defmite manifold iff I is first-order complete. 

Proof: Let I be any first-order axiom set. First, assume that 
INI is a first-order, Husserl-definite manifold con
taining the model M. I.e. all models of I are elementar
ily equivalent to M. Let q> be any first-order sentence 
formulated in the language of I, and clearly either q> is 
true in M or ..., q> is true in M. Hence either q> is true in 
each model of I or ..., q> is true in each model of I. 
Now, by the completeness theorem of first-order logic, 
either q> or ..., q> is a theorem of I. Thus I is first-order 
complete. Secondly, we must show that if I is first-or
der complete, then IJlI is a first-order, Husserl-defi
nite manifold. This can be proven by the argument 
used for theorem 6, with' E m2' replaced by 'E' and 
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terms like 'sentence' and 'complete' referring to their 
first -order cases. 

We claim that theorems 5 through 10 show that we have formulated a 
close approximation to the notion of definite manifold which Husserl 
had in mind, and that the disparity between our description and his 
shown by theorems 8 through lOis a result of the correction of his as
sumption of completeness of second-order logic. Some further dispari
ties may be expected as a result of our distinction between models and 
manifolds of axiom sets. A further property (which we shall refer to as 
the automon eidos property) claimed by Husserl for definite manifolds 
will be proven (along with certain other properties) in the next section. 

§ 4 Further Aspects of Manifold Theory 

This section begins with a lemma establishing a technical fact about 
equivalence classes which is to be used only in proving theorems 12 and 
13. Theorems 12 through 24 state important relationships among mani
folds, Husserl-definite manifolds, isomorphism types, and certain types 
of models. They climax with theorems 18-24, which indicate that one 
type of Husserl-definite manifold is a mathematical structure which ex
hibits properties historically ascribed (within the Aristotelian and 
Thomistic traditions) to least general universals (i.e. to automon eide). 

Lemma 11: Let In be any class and E be any equivalence relation 
defined on In. For each M E In, let EM be the equival
ence class under Ewhich contains Mas a member. If for 
each M E In, EM is a subclass of In, then In equals an 
E-equivalence class or a union of at least two disjoint E
equivalence classes. 

Proof: Let U be the union of all EM such that ME In. Clearly, 
each M E Inis a member of its ~, and thus In C U. By 
hypothesis each EM C iN, and thus the union U of all 
those EM's is a subclass of In. Hence U = In. If all those 
E-equivalence classes are equal, In = that E-equival
ence class. Otherwise U (and hence In) can be written as 
a union of disjoint equivalence classes (because two 
equivalence classes are either equal or disjoint). 
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The next two theorems are proven by applying Lemma 
II, using = m2-equivalence and isomorphism, respec
tively, as the equivalence relation E. 

Theorem 12: Each manifold is either Husserl-definite or is a union 
of at least two disjoint Husserl-definite manifolds. 

Proof: Given any manifold IDn: and any ME IDn::, let IDlM be 
the Husserl-definite manifold containing M, and we 
shall show that IDl M C IDn::. Let M be any member of 
IDl M. Then M = m2 M, and hence At and M have the 
same true sentences. Thus, since Mis a model ofL, M 
is also. I.e. M E IDlL, establishing that each IDl M is a 
subclass of IDIL. The conclusion now follows by lem
mall. 

Theorem 13: Each manifold is either an isomorphism type or a 
union of( disjoint) isomorphism types. 

Proof: Let Mbe any member of the manifold IDlL. Let 1M be 
the isomorphism type containing Mas an element. We 
shall show that 1M C IDlL. Let M be any member of 1M. 
Then M and M are isomorphic, and thus they have the 
same true sentences. Hence, since M is a model of L, 
M is also, and M E IDlL. Thus 1M C IDlL and the 
conclusion follows by lemma II. 

Theorem 14: (a) There exists an isomorphism type which is not a for
mal manifold ; (b) there exists a manifold which is 
neither a formal manifold nor a union of formal mani
folds; (c) there exists a Husserl-definite manifold 
which is neither a formal manifold nor a union of for
mal manifolds. 

Proof: Let Lw.o. consist of axioms 1-4 in the proof of theorem 
8. Then IDlLw.o. (the manifold of well-ordered models) 
has an isomorphism type for each ordinal number, and 
each of those isomorphism types is a subset of IDlLw.o .• 

In particular, IDlLwo . contains more than 2l'to isomor
phism types. However, there are only l'to many sen-
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tences in the language of ~.o. and thus at most 2lt 0 

many sets of sentences. Thus at most 2 It 0 many of the 
isomorphism types contained in 1R~.o. can be mani
folds of the form 1R1: for some axiom set 1: in the same 
language as ~.o .. I.e. at most 2 lC 0 many isomorphism 
types of 1R~.o. are formal manifolds. Thus the mani
fold 1R~.o. contains more isomorphism types than for
mal manifolds, which means that some isomorphism 
type I of 1R~.o. is not a formal manifold, establishing 
(a). By theorem 13, 1R~.o. is the union of its isomor
phism types. Since distinct isomorphism types are dis
joint, the members of I are absent from the union ofthe 
formal manifolds oflR~.o .. Thus 1R~.o. is not a union 
of formal manifolds oflR~.o .. Thus 1R~.o. is not a un
ion of formal manifolds, completing the proof of (b). 
To prove (c), let Mbe any model in I and let IR be the 
Husserl-definite manifold containing M. By a proof si
milar to that of theorem 13, we can show that I C IR. 
Since I is not a manifold, IR =1= L Thus I c IR and by 
theorem 13, IR is a union of its isomorphism types. 
Again, these isomorphism types are disjoint, and 
hence the members of I are absent from the union of 
the formal manifolds oflR, establishing (c). 

Theorem IS: Each isomorphism type is a subclass of some Husserl
definite manifold, but is not necessarily itself a mani
fold. 

Proof: Let Ibe any isomorphism type, let Mbe any model in 
I, and let IR be the Husserl-definite manifold contain
ing M. We shall show that I C IR. Let M be any mem
ber of I. Then M and M are isomorphic, and hence 
have the same true sentences. I.e. M == m2 M, and thus 
M E IR, establishing that I C IR. Moreover, by 
theorem 14 ( a), I is not necessarily a manifold. 

An expansion of a model M is a model M having the same universe as 
M such that the set of relations on Mis a proper subset of the set of rela
tions on M, and a reduct of a model M is a model M such that M is an 
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expansion of M. Let 1Jl1 and 1Jl2 be any manifolds. First, 1Jl1 is a gen
eralisation 0/1Jl2 by weakening axiomsifflJl2 C 1Jl1• In such a case, Ll 
is weaker than L2 in the sense that each sentence of Ll is a consequence 
of L2, while some sentence of L2 is not a consequence of Ll. Secondly, 
1Jl1 is a generalisation OflJl2 by removals iff there exist two sets of sen
tences Ll and L2 such that 1Jl1 = IJlLl, 1Jl2 = IJlL2, Ll C L2, and each 
model in 1Jl2 is an expansion of some model in 1Jl1• This style of genera
lising 1Jl2 involves removing axioms from an axiom set L2 for 1Jl2 and 
removing relations from each model in 1Jl2 along with corresponding 
predicates from the language of~. Last, we define 1Jl1 as a generalisa
tion 0/1Jl2 iff it is one or the other kind of generalisation defined above, 
or there exists a manifold 1Jl3 such that 1Jl3 is a generalisation oflJl2 by 
removals, and 1Jl1 is a generalisation oflJl2 by weakening axioms. 

1beorem 16: For each isomorphism type I there exists a Husserl-de
finite manifold IJl such that I is a subclass of IJl and 
of every generalisation oflJl by weakening axioms. 

Proof: Consider any isomorphism type I. By theorem 15, I is 
a subclass of some Husserl-definite manifold 1Jl. For 
each generalisation by weakening axioms 1Jl' of 1Jl, 
we have IJl c 1Jl', and hence I C 1Jl'. Thus I is a sub
class of IJl and of each generalisation of IJl by weak-. . 
erung axioms. 

1beorem 17: Each Husserl-definite manifold can be generalised by 
weakening axioms to a manifold (which by the next 
theorem is not Husserl-definite). 

Proof: Let IJlL be any Husserl-defmite manifold. By vacuous 
quantification, for each model M, every axiom in the 
null axiom set is true in M. Thus each model is a model 
of the null axiom set L0. Hence IJlL c IJlL0. More
over, for each language, there exist models M and M 
compatible with that language such that M :1= m2M. 
Thus IJlL0is not an 5 m2-type, and hence IJlL C 

IJlL0· 

In view of the proof tactic for theorem 17, it is worth pointing out that 
there are also manifolds IJlL' such that IJlL' is a generalisation by weak-
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ening axioms oftnL and InL0 is a generalisation by weakening axioms 
oflnL'. 

Theorem 18: A manifold is Husserl-definite iff there exists no mani
fold of which it is a generalisation by weakening ax
Ioms. 

Proof: First, assume that In is a Husserl-definite manifold, 
and for a reductio ad absurdum proof, assume that tn 
is a generalisation by weakening axioms of the mani
fold InL. Thus InL c In. Since each model Min InL 
is a member of tn and In is a == m2-type, Mis = m2 to 
every model in In. Thus each model in In has the same 
true sentences as M, which is a model ofL. Hence each 
model in In is a model in InL. I.e. tn C InL, contrad
icting the reductio assumption that tnL C tn. Second
ly, assume In is a manifold which is not the general
isation by weakening axioms of any manifold. For a re
ductio ad absurdum proof, assume tn is not a Husserl
definite manifold. Then by theorem 12, In is a union 
of at least two Husserl-definite manifolds. Ifln' is one 
of them then In' C In, and thus In is a generalisation 
of In' by weakening axioms, contradicting the as
sumption. 

Define afully expanded model as a model M such that for each positive 
integer n, the set Sn of all n-ary relations in Mis an ultrafilter. Such an Sn 
is an ultrafilter iff: 
(i) Sn * 0 
(ii) 0 fl. Sn 
(iii) Whenever R E Sn and R' E Sn; R n R' E Sn 
(iv) Whenever R E Sm R C R' and R' is an n-ary relation on Uthen 

R' E S n 

(v) Whenever R is an n-ary relation on Uthen either R or its com
plement is a member of Sn (where the complement of R -

l(at, ... ,an)leach ai E Uand(aJ, ... ,an fl. RI. 

Lemma 19: (a) No fuJIy expanded model has an expansion. 
(b) Every model is funy expanded or has an expansion 
which is. 
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Proof: (a) Let Mbe any fully expanded model. Suppose we at
tempt to expand M to M by including the additional n

ary relation R. If R is not a relation of M, then the com
plement of R is a relation of M. Thus M has two rela
tions, R and its complement, whose intersection is emp
ty. Hence, M is not a model by our definition. If R is a 
relation of M, then the relation R appears twice in M. 
Such an M does not fit our definition of a model, be
cause not all of its relations are distinct. 
(b) Let M be any model which is not fully expanded. 
Let M2 be a model defined as follows: (I) M and M2 
have the same universe; (2) for each n. M2 contains the 
intersection of any finite number of n-ary relations of M, 
and (3) M2 contains each relation which is defined on its 
universe and which includes at least one of the above in
tersections as a subset. Then M2 is M or an expansion of 
M. Moreover, for each n, the set of all n-ary relations of 
M2 is either empty or satisfies properties (i) - (iv) of the 
definition of an ultrafilter and hence is a 'filter'. By the 
ultrafilter theorem (Kopperman, 1972, p. 76) each filter 
is a subset of some ultrafilter. Now let M3 be a model 
with the same universe as M2 obtained as follows: For 
each m, select an ultrafilter ~ containing all n-ary rela
tions of M2, and let M3 contain all relations in Fn. Then 
M3 is a full expansion which is an expansion of M2 and 
hence of M. 

A manifold offull expansions is a manifold, each model of which is a ful
ly expanded model. We now state the automon eidos property claimed 
by Husserl (1970, p. 473, lines 8-23) to hold for definite manifolds: 

Theorem: 20: 

Proof: 
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A manifold is a Husseri-definite manifold of full ex
pansions iff there exists no manifold of which it is a 
generalisation. 

First, let IDl be any H usseri-definite manifold of full 
expansions. By lemma 19, no model in IDl has an ex
pansion. Thus there is no manifold IDl2 of which IDl is 
a generalisation by removals, and by theorem 18, 
there is no manifold of which IDl is a generalisation. 



Secondly, let IJlI be any manifold which is not a gen
eralisation of any other. By theorem 18, IJlI is a Hus
serl-definite manifold. For a reductio ad absurdum 
proof, assume that some model Min IJlI is not fully 
expanded. By lemma 19, there exists an expansion M2 
of M. Let I2 be the set of all sentences true in M 2 , and 

. let II be the set of all sentences true in M. Since M2 is 
an expansion of M, II C I 2. Moreover, since M E 
IJlI, all sentences of I are true in M. I.e. I C II, and 
hence I C ~. In order to show that IJlI is a generali
sation of IJlI2, it remains only to establish that each 
model in IJlI2 is an expansion of some model in IJlI. 
Let M3 be any model in IJlI2. Then each sentence in 
~, and hence each sentence in I, is true in M3• Let M4 
be the reduct of M whose relations are all and only the 
denotations in M3 of the predicates of I. It follows 
that M4 E IJlI. Hence IJlI is a generalisation oflJlI2, 
contradicting the assumption. 

Theorem 21: Each manifold which contains a countable model is a 
Husserl-definite manifold of full expansions or is a 
generalisation of one. 

Proof: Let IJlI be any manifold which contains a countable 
model M. Let M2 be a full expansion which is either M 
itself or any expansion of M, and let I2 be the set of all 
sentences true in M2• Clearly I C ~. We show that I2 
is categorical by considering cases depending on 
whether the universe of Mis (1) finite or (2) denumer
able. In case (1), for each pair of relations in M2, there 
are predicates PI and P2 denoting those relations in the 
language of~. There is a sentence of I2 stating that 
there are exactly k members of the universe, and indi
cating exactly which n-tuples do and do not satisfy PI 
and which m-tuples do and do not satisfy P2• Any mod
els in which all of these kinds of sentences are true must 
be isomorphic to M2• Thus ~ is categorical. 
In case (2), we consider subcases depending on whe
ther there is a relation R in M2 which is a strict well-or
dering of the universe Vof M (Le. such that < V, R> 
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is isomorphic to < N, < > where Nis the set of natu
ral numbers). If there is such an R in M2, let P denote 
R, and for each natural number n, there is a formula 
uniquely describing the ,pt element in the ordering R. 
For example, the following formula uniquely de
scribes the third element (in that only the assignment of 
the third element to u satisfies the formula in M 2): 

3 V(I 3 wPwv 1\ 3 ~ {Pvv2 1\ ~u 1\ Vw [(Pvw 1\ 
Pwu) -+ (w ~ ~)]}) 

Thus each element of U is uniquely described by a for
mula in the language of~. In the second subcase, there 
is no such R in M2• Since the set of binary relations of 
M2 is an ultrafilter, there is a relation R of M2 whose 
complement R' = { < x, y > I x E U, y E U, and 
< x, y, > Et R} is a strict well-ordering of U. Let Pde
note R. A formula uniquely describing the rth element 
of R' can be obtained from the one used in the previous 
subcase by replacing all occurrences of' P' with • I P'. 
In either subcase, each element of U is uniquely de
scribed by a formula in the language of~.1:2 contains 
sentences which specify, using such formulas, any n
tuple of members of the universe of M2 (for any n) and 
indicate whether or not that n-tuple is a member of any 
particular n-ary relation of M2• ~ also contains sen
tences (like axioms 1-6 in the proof of theorem 8) 
which state that P( or the complement of P) is a well-or
dering isomorphic to < N, < > . Hence, every model 
of1:2 is isomorphic to M2• 

Thus in both cases, ~ is categorical. Hence, by lemma 
7, 1Jl1:2 is Husserl-definite. Also, each model in 1Jl~, 
being isomorphic to M2, is fully expanded. Since 1: c 
1:2, 1Jl1: is either equal to or a generalisation of 1Jl1:2, 
which is a Husserl-definite manifold of full expan
SIons. 

lbeorem 22: Each Husserl-dertnite manifold of full expansions is a 
formal manifold. 
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Proof: Let IJl be any Husserl definite manifold of full expan-
sions. Let M and M2 be any models in 1Jl, and we must 
show that they are isomorphic. Let 1: be the set of all 
sentences true in M. Then 1Jl1: C lJland by theorem 
18, 1Jl1: = 1Jl. We show, by two cases, that each mem
ber of the universe U of M is uniquely described by a 
formula in the language of 1:. For the first case we as
sume that no unary relation of M is a singleton. Since 
the set of unary relations of Mis an ultrafilter, the com
plement of each singleton {xi, where x E U, is a relation 
of M denoted by Px in 1:. Then -, Pxu is a formula un
iquely describing x. In the second case there is a single
ton unary relation {>i in M. For each x =1= y, define Px 

exactly as in the first case, and define Py as the predi
cate denoting {>i. Clearly, each member of U is unique
ly described by a formula in the language of 1: in this 
case as well as in the first case. Let f be the function 
mapping each member of U to the member of the uni
verse U2 of M2 which satisfies the same formula. Since 
every model in IJl is fully expanded, each member of 
U2 must satisfy one of these formulas. Thus the func
tion f maps onto the universe of M2• Moreover, for 
each n, each n-tuple is uniquely described by a con
junction of the above kinds of formulas. Thus, for each 
n-tuple and each n-ary relation, there is a sentence of1: 
stating whether or not that n-tuple satisfies that rela
tion. These sentences of 1: assure that f is an isomor
phism. Hence Mis isomorphic to M2• 

Theorem 23: There exists a Husserl-definite manifold containing 
only one isomorphism type, and any such manifold is 
coextensive with that isomorphism type. 

Proof: First, by theorem 8, there exists a categorical set 1: of 
sentences such that _1: is a Husserl-definite mani
fold. Since 1: is categorical, .1: is an isomorphism 
type. Since isomorphism types are either equal or dis
joint, 1Jl1: contains only the one isomorphism type, 
namely 1Jl1: itself. Secondly, let IJl be any Husserl-de-

463 



finite manifold which contains only one isomorphism 
type I. By theorem 13, In = I. 

Theorem 24: There exists a Husserl-definite manifold containing at 
least two isomorphism types, and the isomorphism 
types contained as subclasses of any such manifold are 
not themselves manifolds. 

Proof: First, by theorem 14 ( c), there exists a H usserl-definite 
manifold In which is not a formal manifold. Thus In 
is not an isomorphism type, and by theorem 13, In is a 
union of (at least two) disjoint isomorphism types. Sec
ondly, assume IDI is such a Husserl-definite manifold, 
and for a reductio ad absurdum proof, assume that Inl 
is an isomorphism type contained as a subclass within 
IDI, and that IDII is a manifold. Then IDI is a generalisa
tion of In I by weakening axioms, contradicting the
orem 18. Thus each isomorphism type contained as a 
subclass ofln is not a manifold. 

§ 5 Interpreting Whole-Part Notions in Manifold Theory 

Abstraction gets to work on a basis of primary intui
tions, and with it a new categorial act-character 
emerges, in which a new style of objectivity becomes 
apparant, an objectivity which can only become ap
parent - whether given as 'real' or as 'merely im
agined' - in just such a founded act. Naturally I do 
not here mean abstraction merely in the sense of set
ting-in-relief of some dependent moment in a sensi
ble object, but ideational abstraction, where no such 
dependent moment, but its Idea, its Universal, is 
brought to consciousness, and achieves actual given
ness. We must presuppose such an act in order that 
the very sort, to which the manifold single moments 
'of one and the same sort' stand opposed, may itself 
come before us, and may come before us as one and 
the same (Husserl, LU VI, § 52). 

The intuitive concepts of whole and part are paradigm cases of the type 
of concept which, following Husser!, we can characterise as vague or 
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(synonymously) indistinct. Within the context of this paper we depart in 
letter (but not in spirit) from Husserl's definition of 'distinctness'. We 
define a concept as formally distinct iff for each two particulars which 
are (correctly) intended as instances of it, those two particulars are iso
morphic. To anticipate our epistemological application of notions devel
oped in § 4, this means that a concept is completely distinct if it is the in
tension of a Husserl-definite manifold of full expansions. Any intuitive 
concept can be shown to be formally vague or indistinct by showing that 
there is some sentence true of one but false of some other instance of it. 
That the intuitive concept of part is formally vague in this sense can be 
shown by a consideration of the Stumpf-Husserl distinction between 
two distinct types of parts; dependent parts (moments) and independ
ent parts (pieces). 

It should be remembered that this distinction was developed original
ly not within ontology, but within the psychology of perception. Stumpf 
( 1873, pp. 109ff.) and, following him, Husser! characterised a part as 
dependent iff it cannot be perceived separately from the perceptual 
whole of which it is a part, and as independent iff it can be so perceived. 
Perceptual examples of countable wholes might be the perception of a 
minor chord or of a swarm of bees : Each note in the chord and each bee 
in the swarm is an independent part, while the 'flatted third' sound dis
tinctive of this minor but not of that major chord, or the 'swarm' charac
ter distinctive of this group of bees but not that group of birds, are de
pendent parts of their respective wholes. In his 1929 article on Gestalt 
theory and the phenomenology of (perceptual) thematics, Gurwitsch 
(1966, pp. 263-5) reformulated the deft nition of 'independent part', but 
maintained the distinction between the two different types of parts. 
Their mutual insistence on this distinction illustrates the opinion of 
Stumpf, Husser!, and Gurwitsch that the intuitive concept of part is 
vague in the sense defined above. 

Husser! (1970a, Investigation V, § 17) and Gurwitsch (1966, pp. 
131-4, 143, 186,332-49, esp. 340) insist on a similar distinction between 
two types of whole; a whole which is perceived is distinguished from the 
many instances of the whole which is perceived, each of which is the 
whole as perceived. A single whole which is perceived may be perceived 
in a variety of ways, i.e. under a variety of aspects or as instancing a var
iety of types of things. For example, the collection of bees may be per
ceived as a swarm, as a threat, as an indication of a source of honey, or 
under any combination of these aspects, and so on. This example pro-
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vides us with one whole which is perceived. but with six wholes as per
ceived. This distinction between two types of perceptual wholes (wholes 
which are perceived vs. wholes as perceived) illustrates the formal vague
ness of the unqualified concept of whole. 

We will maintain the distinction between the whole which is perceived 
and the whole as perceived in this paper, and will follow Husserl and 
Gurwitsch in characterising the latter as a dependent part of th e former: 

Husser! has quite correctly observed that what 'genuinely appears' forms, in the 
full thing-sense, a dependent part which can only possess sense unity and sense 
independence in a whole necessarily containing empty and indetenninate [i.e. 
open~v possiblej components (Gurwitsch, 1966, p. 186; Cf. Husserl, 1931, p. 
355, lines 7-13, which are inadequately translated; and Husserl, 1973, pp. 
96-9). 

Since the expression 'whole as perceived' denotes a dependent part of 
the whole which is perceived. we will use it synonymously with the ex
pression 'thing-tied moment of the whole which is perceived'. In con
trast, we define a moment abstract as an intension of a class of concrete 
moments belonging to different wholes which are perceived. In distin
guishing thing-tied or concrete moments from moment-abstracta we 
adopt a distinction proposed by Guido Kung (1967, pp. 172 f1) which 
departs from Husserl's terminology (l970a, pp. 426-32). While de
pendent parts cannot be perceived independently of their wholes, we 
claim that they can be so conceived (and that the theme of such a con
ceiving is a moment-abstractum). 

The thing-tied moments of different wholes which are perceived may 
establish similarities amongst those wholes. For example, all swarms are 
similar because they are all wholes which are perceived as having thing
tied 'swarm' moments; all minor chords are similar because they are all 
wholes which are perceived as having thing-tied 'flatted third' moments. 
The shared character of all 'swarm' (or 'flatted third') moments, i.e. that 
which all such thing-tied moments have in common, we call a 'swarm' 
(or 'flatted third') abstractum. We will interpret wholes which are per
ceived, wholes as perceived (i.e. thing-tied moments of wholes which 
are perceived), and moment-abstracta (which will also be referred to as 
'perceptual types' in § 6) as different structures definable in terms of our 
manifold theory in this section. Before stating this interpretation, we 
provide the following comments in order to clarify our motivation. 

No whole as perceived is a mere class. The swarm and chord cited as 
examples might at first consideration appear to be classes, but they are 
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more than mere collections of elements (independent parts, or pieces). 
They involve not only the founding elements but also their particular 
swarm and minor tonality characters. These qualitative characters are 
relational characteristics of the founding independent parts. The ab
sence of such qualitative and relational co-determinations of the found·· 
ing independent parts characterises classes which are not wholes as per
ceived. It is this fact which has motivated our choice of models (rather 
than sets) to serve for wholes as perceived in the manifold-theoretic in
terpretation of the present section. Further, it is the relation of wholes as 
perceived (i.e. of concrete moments) to wholes which are perceived 
which has motivated us to restrict our definition of'model' to full expan
sions and reducts of full expansions. Any reduct is related to each of its 
full expansions in the same way that a whole as perceived (i.e. a thing
tied moment) is related to each of the possible wholes which are perceiv
able via it. 

Because our primary concern is with abstract, rather than with thing
tied moments, we present no theorems concerning relations amongst 
thing-tied moments and wholes which are perceived. In this paper we 
conceive of thing-tied moments (wholes as perceived) as Gurwitsch's 
themes (~rperceptual attention. He has identified this structure as the 
nucleus of the perceptual noema, and has characterised the whole 
which is perceived as a Gestalt contexture of such structures. We accor
dingly consider the thing-tied moments of a single whole which is per
ceived to be mutually codetermining and to be unified by Gestalt coher
ence, and consider the whole which is perceived to be a Gestalt contex
ture of all its thing-tied moments. Successive thematisations MJ, Ml, 
M3 ... of the same whole which is perceived M comprise successive ex
plications of the whole M. Each explication of M reduces the degree of 
material vagueness expressed as the open possibilities of the inner hor
izon of the nucleus of the perceptual noema which presents M to atten
tion. When the explication involves articulating thematisation (Gur
witsch, 1974, p. 261 ; Cf. Husserl, 1973, § 50), this specification of the in
ner horizon is accomplished via the constitution of an individual Sach
verhalt < M, ~ > in which the whole M is involved as exhibiting one 
of its thing-tied moments Mi. The telos of such a process of thematising 
(or, more specifically, of explicating immediate concrete moments ot) a 
single whole which is perceived is the elimination of all open possibili
ties, and the determination of the entire contexture M of all thing-tied 
moments M j of the whole. It is this aspect ofGurwitsch's analysis which 
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motivates our choice of full expansions to serve as possible wholes 
which are perceived, of some full expansions to serve as actual wholes 
which are perceived, and of the following manifold theoretic interpreta
tions of the language of whole-part theory. 

Mis a whole iff Mis a full expansion or an f.m.r. reduct. Mis anfm.r. 
reduct iff M is a model with finitely many relations. M is a whole which 
is perceived iff Mis a full expansion, and Mis a l-t'holeasperceived(also, 
a concrete moment and a thing-tied moment) iff Mis an f.m.r. reduct. M 
is a piece of the whole M' iff M is a whole which is perceived, and the 
universe of M is a proper subset of the universe of M '. The notions Mis 
the whole M' as perceived, M is an immediate concrete moment (?f the 
whole M', and M is a thing-tied moment of the whole M'are equivalent; 
any M and M' have this relation iff M is an f.m.r. reduct of M'. M is an 
immediate part of M'iff Mis a piece or an immediate concrete moment 
of AI'. 

For any f.m.f. reducts M and M'and their respective classes IDl Mand 
IDl M,offull expansions, Misfounded on M'iffIDlM C IDl M " and M and 
M' are mutually founding iff neither is founded on the other, but there is 
some f.m.r. reduct M/ which is founded on both M and M'. For each 
two concrete moments, there is a founding-founded relation between 
them iff one is founded on the other, or they are mutually founding. M 
and M' are relative~v dependent iff there is a founding-founded relation 
between them. M is an immediate dependent part of the whole MI iff M 
is a part of M I, and for each immediate concrete moment M'of MI other 
than M, M and M' are relatively dependent. It can be shown that any 
two distinct immediate concrete moments of the same whole Mare rela
tively dependent, and are thus immediate dependent parts of M. 

If the whole as perceived M is veridical (non-illusory), the actual 
whole which is perceived from the point of view of M is exactly one 
member of IDl M, and if M is non-veridical (presents an illusion to per
ceptual attention), then the actual whole which is perceived (if there is 
one) is not a memberofIDl M• In this paper we refer on occasion to possi
ble wholes which are perceived from the point of view of M(i.e. to mem
bers ofIDl M ) as 'perceivable wholes', and to Mas a 'perceived whole', 
and define the notion' Mis a whole' as' Mis a perceived or a perceivable 
whole'. (We restrict the denotation of 'whole' in this paper to perceived 
and perceivable wholes; however eide (as defined in the next para
graph) may justifiably be conceived as wholes which are neither per
ceived nor perceivable.) 
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We refer ontologically to intensions of unions of isomorphism types 
as 'eide'and 'universal objects of higher order'. In cases where for some 
cardinal K, each isomorphism type which is a subclass of the union has 
some Lm.r. model with a universe of cardinality K as a member, we ref
er to its eide as 'moment-abstracta' and (in § 6) 'perceptual types'. 
Where the union of isomorphism types is a Husserl-definite manifold of 
full expansions, we refer to its eide as 'automon eide', and 'universal in
dividuals of higher order'. We define 'an intension n~ of some union 
~lofisomorphism types 'as a hyperultraproduct n~ of~ (by some ul
trafilter on ~ ). This hyperultraproduct turns out to be an entity beyond 
the class-set theory used in §§ 2-4. Our definition is based on the stand
ard notion of an ultraproduct, as in Kopperman (1972, pp. 74-7), which 
is a complicated structure built up from a given set of models. But the 
hyperultraproducts we are considering as intensions are built up in an 
analogous manner from a proper class of models. 

In taking an ultraproduct of a proper class, the class is treated as a 
member of 'collections' which are members of the universe of the result
ing hyperultraproduct. Thus these collections and the hyperultrapro
ducts themselves are onto logically outside of standard class-set theory, 
and can be thought of as higher order entities in a realm beyond our 
class-set theory. In view of our manifold-theoretic interpretation of per
ceivable wholes as full expansions of some model, of perceived wholes 
(or concrete moments of perceivable wholes) as reducts of full expan
sions, and of eide as hyperultraproducts of proper classes of models, no 
perceived or perceivable whole is of an order as high as any universal ob
ject of higher order. It does not follow from this fact, however, that all 
perceived and/or perceivable wholes are of the same order. In stating 
the following interpretation, we use 'and/or' for weak, and 'or' for 
strong disjunction: 

Whole-part notions 

1. M is a thing-tied moment of 
M (M is a whole which is 
perceived as M). 

Manifold-theoretic interpre
tation: 

I. M is a model with finitely 
many relations (an fm.r. 
model) which is a reduct of 
the full expansion M. 

2. M is a possible whole which 2. M is a full expansion. 
is perceived. 
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3. Mis a whole. 

4. to explicate the whole M 
which is perceived. 

5. Mis described by L. 

6. n'-'I is an eidos instanced by 
M. 

7. ntn is a predicative eidos in
stanced by M. 

8. ntn is an eidos instanced by 
everything described by L. 

9. n'-'I is an eidoswhich is a mo
ment-abstractum instanced 
by the thing-tied moment M. 

10. n'-'I IS a predicative eidos 
which is an abstract predica
tive moment-abstractum in
stanced by the thing-tied mo
mentM. 

11. ntn IS a formal eidos in
stanced by M. 

12. n'-'I is a predicative formal ei
dos instanced by M. 

13. n'-'I is a formal eidoswhich is 
a moment-abstractum In

stanced by the thing-tied mo
mentM. 
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3. M is a full expansion or an 
fm.f. model 

4. to expand some f.m.f. model 
M which is a reduct of the full 
expansion M. 

5. Mis a model ofL. 

6. nlll is a hyperultraproduct 
(hup.) of a union tn of iso
morphism types such that M 
E tn. 

7. ntn is a hup. of some mani
fold tn where ME tn and M 
isa model. 

8. ntn is a hup. oftnL. 

9. ntn is a hup. ofa union tn of 
isomorphism types such that 
M E In, and M each M E 
tn is an fm.r. model of the 
same cardinality. 

10. ntn is a hup. of some mani
fold III where M E '-'I and 
each M E tn is an f.m.r. 
model of the same cardinality. 

II. nlJl is a hup. of the isomor
phism type of M. 

12. nlJl is a hup. of some mani
fold tnL such that L is cate
gorical, and Mis a model ofL. 

13. ntn is a hup. of the isomor
phism type of M such that M 
is an f.m.r. model. 



14. na is a Husserl-definite ei
dosinstanced by M. 

15. na is an automon eidos in
stanced by the whole M 
which is perceived. 

14. dJi is a hUp. of a Husserl-de
finite manifold a such that 
MEa. 

15. na is a hUp. of some class a 
such that MEa and a is a 
Husserl-definite manifold of 
full expansions. 

16. The eide dJi l and dJi2 are 16. niJl1 is a hUp. of ai, niJl2 is a 
coextensive. hup. ofa2, and a 1 = a 2• 

Note: (nal = dJi2) implies (a1 = a 2), but it is not the case that 
(al = a 2) implies (nal = nIJl2). 

17. na is a predicative eidos 
which is a least generalisation 
by weakening axioms of at 
least two predicative eide 
niJl., dJi2, ••• 

17. nIJl is a hUp. of the union of 
at least two manifolds at, 
a 2, ••• 

Whole-part interpretations of the theorems of manifold theory: 

Note: The following interpretations are either equivalent to or conse
quences of the corresponding theorems as stated in §§ 3--4. 

Theorem 1: 

Theorem 2: 
Theorem 3: 
Theorem 4: 
Theorem 5: 

Theorem 6: 

Lemma 7: 

Theorem 8: 

The binary relation of two wholes which instance a 
single formal eidos is an equivalence relation. 
No formal eidosis a whole. 
No Husserl-definite eidosis a whole. 
No predicative eidosis a whole. 
Each predicative eidos which is coextensive with a for
mal eidos is coextensive with a Husserl-definite eidos. 
For each axiom set ~ if 1: is complete, then each predi
cative eidosna1: is Husserl-definite. 
For each axiom set 1:, if1: is categorical, then any predi
cative eidos dJi1: is both Husserl definite and formal. 
There exists a categorical set 1: of monadic second-or
der sentences such that each predicative eidos dJi1: is 
Husserl-definite, but 1: is not complete. 
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Theorem 9: For each predicative eidos nIn, if nIn is Husserl-defi
nite, then there is some perhaps infinite axiom set l: 
such that nan is instanced by all and only wholes de
scribed by l: and l: is complete. 

Theorem 10: For each first-order axiom set l:, each nanl: is a first-or
der Husserl-definite eidos instanced by all and only 
wholes described by l: iffl: is first-order complete. 

Theorem 12: Each predicative eidosis either H usserl-definite, or it is 
a least generalisation by weakening axioms of at least 
two extensionally disjoint Husserl-definite eide. 

Theorem 13: Each predicative eidos is either coextensive with a for
mal eidos, or is a least generalisation by weakening ax
ioms of extensionally disjoint formal eide. 

Theorem 14: (a) There exists a formal eidos which is not predicative; 
(b) there exists a predicative eidos which is neither a 
predicative formal eidos nor a least generalisation by 
weakening axioms of predicative formal eide ; ( c) there 
exists a Husserl-definite eidoswhich is neither a predi
cative formal eidos nor a least generalisation of predi
cativeformal eide. 

Theorem 15: Each formal eidos lis an eidos instanced by something 
which instances a Husserl-definite eidos, but I is not 
necessarily predicative. 

Theorem 16: For each formal eidos nI, there exists a Husserl-defi
nite eidos nan such that nI is instanced by a whole 
which instances nIn and every generalisation by 
weakening axioms of nIn. 

Theorem 17: Each Husserl-definite eidos can be generalised by 
weakening axioms to a predicative eidos(which by the 
next theorem is not Husserl-definite). 

Theorem 18: Any predicative eidos is Husserl-definite iff there 
exists no predicative eidos of which it is a generalisa
tion by weakening axioms. 

Lemma 19: No whole which is perceived is a whole as perceived. 
Theorem 20: Any predicative eidos is an automon eidos iff there 

exists no predicative eidosof which itis a generalisation. 
Theorem 21: Each predicative eidos which is instanced by a coun

table whole is an automon eidos or a generalisation of 
one. 

472 



Theorem 22: Each automon eidosis a formal predicative eidos. 
Theorem 23: There exists a Husserl-definite predicative eidos n~ 

such that there exists a formal eidosnlinstanced by all 
wholes which instance n~, and in all such cases nI 
and n~ are coextensive. 

Theorem 24: There exists a Husserl-definite eidos n~ instanced by 
at least two wholes M and M, where there are no coex
tensive formal eideinstanced by both M and M. 

~ 6 Ontological and Epistemological Interpretations of Manifold 
Theory 

In this section we discuss some implications of the theory of manifolds 
from the point of view of the ontological interpretation of § 5, and of the 
epistemological interpretation (i.e. as a theory of the transcendental 
constitution of perceptual wholes and universals) which we have had in 
mind but have not developed in detail. 

The problem of carrying out an adequate phenomenology of con
ceptualisation involves the formulation of descriptions of processes of 
attention (thematic transitions) within which formalisation, generalisa
tion, and other processes of attention involved in conceptualisation oc
cur. While no such descriptions will be attempted here, certain com
ments regarding epistemological application of the results of §§ 2-4 and 
lines of approach to the problem of conceptualisation are appropriate. 
We begin these comments with a list of epistemological definitions 
which will enable us to establish the relation of an Jdea in the Kantian 
sense to perception, and will conclude by delineating certain types of 
conceptualisation as problems for further research. 

I. A concept is formalzv distinct iff it is an intension of an 
isomorphism type. 

2. A concept is materially distinct iff it is an intension of a un
ion of isomorphism types containing as members only full 
expanSIOns. 

3. A concept is completely distinct iff it is both formally and 
materially distinct. 

Remark: Any intension of an isomorphism type is a formally distinct 
concept, and any intension of a Husserl-definite manifold of 
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ful1 expansions is a fonnally and materially (thus completely) 
distinct concept, and the epistemological correlate of an auto
mon eidos, by theorem 22. 

4. A concept is clear iff it is instanced (in perception) by some 
thing-tied moment. 

5. (Mr, M) is an individual Sachverhalt iff Mr is a whole which 
is perceived, and M is an immediate part of Mr. 

Remark:The existence of an individual Sachverhalt (Mr, M) is a neces
sary and sufficient condition for the truth of a sentence (for
mulated in some language other than the object languages con
sidered in this paper) ascribing the immediate part M to Mr as 
an articulated explicate. 

6. A process of explicating an immediate dependent part of a 
whole Mr which is perceived is interpreted as a process of ex
panding M, to M2 where both M, and M2 are f.m.r. models 
which are reducts of the full expansion Mr. 

7. Each explication of an immediate dependent part of the 
whole Mr which is perceived via a thing-tied moment M, re
sults in Mr being perceived via a thing-tied moment M2 
(where M2 is a reduct of Mrand M, is a reduct of M2). 

Remark: In each such case, the thing-tied moment M2 is an explicate of 
the whole Mr which is perceived. 

8. Immediate dependent part explication which involves arti
culating thematisation (see Gurwitsch, 1974, ch. 10; Cf. 
Husserl, 1973, §§ 22- 32, 47-65) constitutes the individual 
Sachverhalt < Mr, M2> , i.e. the situation of M2 being arti
culated as a thing-tied moment of the whole Mr which is ex
plicated. 

Remark: In each such case, the thing-tied moment M2 is an articulated 
explicate of the whole Mr which is perceived. 

Theorem 25: If a concept niJl is completely distinct, then it is unclear. 

Proof: 
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reduct of any full expansion. By the definition of 'thing
tied moment', dJl is instanced by no thing-tied mo
ment, and is therefore not clear. We note also that if a 
concept is clear, then it is materially indistinct (material
ly vague), though it may be formally distinct. 

The material vagueness characteristic of perceptual evidence may be 
progressively diminished by successive explications, and the telos of 
this process (of explicating dependent parts of the same whole which is 
perceived) is the ideal of adequate perceptual (i.e. clear and completely 
distinct) evidence. Perceptual evidence which is adequate is therefore 
never in fact available, but is a limit approached by successive explica
tions of immediate dependent parts of a single whole which is per
ceived, and is experienced (i.e. is originarily constituted in transcenden
tal consciousness) as the telos of such a sequence of explications (Cf. 
Husserl, 1970a,pp. 720,731-2,734-6,745-8,760-70). Because of this 
limit feature vis-a-vis perceived objects and moment abstracta, a com
pletely distinct concept (i.e. an intension of a Husserl-definite manifold 
of full expansions) has the status of an Idea in the Kantian sense (Cf. 
Husserl, 1931, §§ 22, 74, 83, 149). The constitution of such a Kantian 
Idea in thematising an automon eidos(called by Husserl a concretum) is 
one type of conceptualisation, which we shall refer to as 'ideation'. 

We propose that each proper class which is a union of isomorphism 
types is a unary relation capable of hypostatisation as an eidos, i.e. as a 
more or less general universal (object of higher order) via conceptualisa
tion of one sort or another. Each such proper class of models can be 
viewed as the extension of an eidos. Within our ontological and epis
temological interpretations, a hyperultraproduct of such an extension is 
identified as its intension, and the instantiation of an eidos by wholes of 
a given type is characterised as instancing. For any moment-abstractum 
(perceptual type) 1t 1Jl) and eidos 1t 1Jl2, we defme 1t 1Jl2 as a specifica
tion of 1t 1Jl) by explication of immediate dependent parts iff 1Jl1 is a 
generalisation of 1Jl2 by removals (see p. 458, supra). Since the pheno
menology of science is concerned with describing an enterprise essen
tially involving language, we are particularly interested in the cases 
where the proper classes involved in these processes of conceptualisa
tion are manifolds. 

Where the processes of conceptualisation are scientific, the proper 
classes of models to be hypostatised via abstraction and specified via ex-
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plication must be expressed linguistically (predicatively). It appears 
plausible to consider manifolds to be the classes which become hyposta
tised and specified as universal objects of higher order (predicative eide) 
via theorising activities (i.e. via predicative processes of attention) of 
various sorts. Our results permit us to distinguish ontologically between 
those manifolds amenable to hypostatisation as individual universal ob
jects of higher order, and those amenable to hypostatisation as non-in
dividual universals. Theorem 20 indicates that all and only Husserl-de
finite manifolds of full expansions satisfy the conditions for hypostati
sation as universal individuals (i.e. as automon eide). Manifolds of 
f.m.r. reducts can be hypostatised as moment-abstracta which are non
individual universals, i.e. as generalised eide which are capable of fur
ther specification. 

Similarly, we can distinguish epistemologically between distinct and 
vague concepts on the basis of our manifold-theoretic results. Moment
abstracta are, considered as concepts, materially indistinct. We there
fore associate clear concepts with moment-abstracta (perceptual types), 
considering them as epistemological correlates of generalised cide. and 
contrast them with completely distinct concepts (Kantian Ideas), which 
we identify as the epistemological correlates of automon eide. Since all 
moment-abstracta are instanced by thing-tied moments while no auto
mon eidos is instanced by any concrete moment. no automon eidos is a 
moment-abstractum (perceptual type). However, each automon eidosis 
the te/os of a sequence of progressively more specific, less general mo
ment-abstracta (perceptual types). This means that ideation should be 
viewed as involving first the hypostatisation of a moment-abstractum, 
and secondly the specification of that hypostatised type via thematic 
transitions (e.g. Husserl's free variation in imagination) which are 
equivalent to an infinite sequence of progressive specifications which 
approach the constitution of a distinct concept and the thematisation of 
an automon eidos as an ideal limit of the process of specification. This 
transition (via specification) from moment-abstractum to automon ei
dos is, we submit, the 'transition from type to (completely distinct) con
cept and eidos 'mentioned by Gurwitsch in the passage quoted on p. 442 
above. The account of conceptualisation which Gurwitsch envisioned 
must therefore include not only a description of the processes of atten
tion involved in the hypostatisation of moment-abstracta, but also de
scriptions of the processes of attention involved in the progressive speci
fication of such hypostatised moment-abstracta. We suggest that such 
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accounts will have to involve descriptions not only of prepredicative 
and predicative explication in perception (i.e. specification via both 
schlichte and kategoriale Anschauung; Husserl, 1970a, pp. 773-815), 
but also of free variation in the imagination (Husser!, 1973, pp. 321-64 
and 1977, pp. 53-78). 

The problem of conceptualisation indicated by Gurwitsch as a pres
sing desideratum of non-ego logical transcendental phenomenology at 
the present stage of its development therefore involves more than just in
dicating the mathematical operation of hyperultraproduct as a promis
ing formalisation of abstraction, and specifiying which relations can, 
and which cannot be thematised via abstraction as universal individuals 
and/ or objects of higher order. It requires also epistemological descrip
tions (to be developed in terms of the general theory of intentionality) of 
the processes of attention which are involved in such abstractive hypos
tatisations, as well as of other processes of attention (such as specifica
tion to less general moment-abstracta, and ideation to automon eide). In 
view of the distinctions we have developed in this paper, we suggest that 
the processes of attention involved in the constitution of generalised and 
automon eide (and the corresponding epistemological structures which 
we have called concepts of various sorts) should be described separately 
and in relation to each other. We further suggest that this epistemologi
cal task can be approached in terms of the notion of hyperultraproduct 
and manifold theory, and that it ultimately cannot avoid the concept of 
the lifeworld. 

To this end, we propose considering (ex hypotheosl) the theme of per
ceptual attention (i.e. the nucleus of the perceptual noema) to be an 
f.m.r. model of some axiom set ~, the order of existence ° of M to be the 
class of f.m.r. models which are cardinally equivalent to M and compat
ible with the language of~, the thematic field T of M to be.~ n 0, 
and the principle of material relevance which organizes Tto be the mo
ment abstractum 1t T. Some relevant processes of conceptualization 
would then be: 

Ontological abstraction: Those thematic transitions by which attention 
can, given as an initial theme some whole M perceived as a member of 
some thematic field T, constitute as a subsequent theme the eidos (mo
ment abstractum, or perceptual type) 1t T. 

Specification by strengthening axioms: Those thematic transitions by 
which attention can, given as an initial theme some whole M perceived 
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as a member of some thematic field T, constitute as a subsequent theme 
the whole M perceived as a member of a thematic field T' such that !JII: 
is a generalisation of inI:' by weakening axioms. 

Specification by explication of immediate dependent parts: Those the
matic transitions by which attention can, given as an initial theme some 
whole M perceived as a member of some thematic field T, constitute as a 
subsequent theme the whole M perceived as a member of some thematic 
field T' such that Mis an immediate dependent part of M' and iJlI: is a 
generalisation of !JIL' by removals. 

Specification: Those thematic transitions by which attention can, given 
as an initial theme some whole M perceived as a member of some the
matic field T, constitute as a subsequent theme the whole M perceived 
as a member of a thematic field T' such that !JIL is a generalisation of 
!JIL', and either M = M', or M is an immediate dependent part of M'. 

Formalising abstraction: Any combination of ontological abstractions 
and/ or specifications whereby a formal eidos is thematised. 

Ideation: Any combination of ontological abstractions and/or specifi
cations whereby an autonom eidos is thematised. 

In conclusion, it should be noted that specification is the inverse of gen
eralisation, and that we have indicated the need for an epistemological 
account of specification rather than of generalisation because ideation 
is a limit approached by progressive specification, rather than by gen
eralisation. It should also be noted that we have made no attempt in this 
paper to formulate epistemological descriptions of the processes of at
tention defined here as involved in conceptualisation, but have merely 
categorised these processes in terms of the types of concepts they in
volve, and the types of universal objects which they constitute as themes 
of attention. While we have suggested the mathematical operation of ul
traproduct as defined on unions of isomorphism types as the structure 
we consider interpretable as ontological abstraction, we have offered 
neither a mathematical definition, nor an epistemological interpretation 
(i.e. description in terms of the general theory of intentionality) of that 
operation. Such a definition, epistemological descriptions, and formal 
ontological specifications of the properties common to each life-world 
as experienced (i.e. to each cultural world), and consideration of the role 
of culture and consensus in determining the properties characteristic of 
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a particular cultural world then remain outstanding desiderata within 
the programme sketched by Gurwitsch. Hence the results which we 
have presented here comprise prolegomena to further work in that area 
of metaphysics indicated by Gurwitsch as the problem of conceptualisa-

i. (ion. 
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